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ABSTRACT. Theoretical formalisms based on fractional differential equations are increasingly being used
to model complex kinetic processes, as they can accurately capture memory effects and temporal hetero-
geneity. This study proposes a stochastic simulation methodology for processes governed by such equa-
tions. The numerical implementation uses a discrete-time Monte Carlo algorithm to model the evolution of
an irreversible unimolecular reaction by integrating Mittag-Leffler statistics directly into the dynamics of
microscopic events. The study concludes that the proposed method is robust and consistently recovers the
classical limit, thereby establishing a rigorous link between fractional chemical kinetics and computational
simulation. Consequently, this approach constitutes a powerful predictive framework for chemical systems
in complex media.
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1 INTRODUCTION

Traditionally, the theoretical description of chemical kinetics has relied on deterministic rate
equations formulated in terms of integer-order ordinary differential equations, which are derived
from the law of mass action. These equations implicitly assume homogeneous conditions and
large particle numbers. While this framework has been remarkably successful in describing a
wide range of homogeneous reactions, it fundamentally neglects important aspects of molecular
dynamics, such as spatial heterogeneity and memory effects [3].

An alternative approach to addressing this type of problem is stochastic simulation [40]. The
stochastic nature of chemical reactions was rigorously formalized through the Chemical Master
Equation (CME) [4, 24], which describes the time evolution of the probability distribution over
discrete molecular states. In the 1970s, Gillespie’s pioneering work provided an exact computa-
tional realization of the CME through the Stochastic Simulation Algorithm (SSA), also known
as the event-driven Monte Carlo simulation [11,12,13].

Unlike deterministic models based on ordinary differential equations, the SSA explicitly con-
siders the probabilistic nature of chemical reactions, computing the time to the next reaction
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2 STOCHASTIC SIMULATION OF FRACTIONAL DYNAMICS

event at each step. This approach has established a paradigm for linking microscopic molec-
ular events to macroscopic kinetic behaviour, and has become a cornerstone of computational
chemical physics. In this regime, the temporal evolution of the system must be described by
a stochastic Markov process. Classical chemical kinetics, which is based on ordinary differen-
tial equations, describes the evolution of average concentrations. Although numerous variants
have been proposed to improve efficiency and address multiscale complexity, the foundational
Markovian assumption remains central to the method.

According to the Markovian assumption, the probability of a reaction occurring within the next
infinitesimal time interval depends solely on the system’s current state, independent of its past
history. This memoryless property is encoded mathematically in the Poisson statistics of reac-
tion events, which is reflected in the exponential waiting-time distribution underlying the classi-
cal SSA. At a microscopic level, this assumption is valid when molecular collisions arise from
uncorrelated diffusive encounters in a uniform medium.

However, a growing body of experimental evidence demonstrates systematic deviations from this
idealized behavior across diverse chemical and physical systems. Examples include subdiffu-
sive transport in biological environments [29,36,43], non-exponential relaxation in polymer net-
works [38], anomalous reaction kinetics on heterogeneous catalytic surfaces [9,20], and history-
dependent rate coefficients in viscoelastic media [15]. All of these phenomena exhibit temporal
correlations that are incompatible with Markovian dynamics. In these systems, past molecular
configurations continue to influence present reaction probabilities through mechanisms such as
structural rearrangements, geometric constraints or slow environmental relaxation.

In complex chemical environments like these, the Markovian assumption on which classical ki-
netic models are based may be inadequate. Such cases often exhibit wide distributions of waiting
times between reaction events. In such situations, the exponential waiting-time distribution asso-
ciated with Markovian dynamics is replaced by heavy-tailed distributions. Within the framework
of Continuous Time Random Walk (CTRW) theory [33, 37], waiting-time densities of the form
w(t) ~t~17% with 0 < & < 1, naturally lead, in the hydrodynamic limit, to evolution equations
involving fractional time derivatives [3, 19, 33, 37]. These equations replace integer-order time
derivatives with non-integer (fractional) derivatives [6,7, 18,35]. From the perspective of chem-
ical kinetics, the fractional derivative therefore encodes non-local temporal correlations arising
from environmental heterogeneity or transport-limited reaction mechanisms.

Recent work by Angstmann, Donnelly, and Henry [1,2,44] has demonstrated that exact event-
driven stochastic algorithms can be constructed for fractional master equations by sampling wait-
ing times from Mittag—Leffler distributions [10, 14], thereby reproducing time-fractional dynam-
ics at the trajectory level. However, extending these methods to fractional kinetics requires re-
placing exponential clocks with Mittag—Leffler distributed waiting times, which is a nontrivial
modification with significant computational and theoretical implications [5, 22].

An alternative approach is to develop a generalization of the stochastic method based on a time-
driven Monte Carlo algorithm [8, 16, 17,27, 28]. This method has been used, particularly in
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simplified kinetic models and pedagogical contexts [26,31,34,41]. In these approaches, time is
divided into fixed intervals and reaction events are tested probabilistically at each stage. Although
these methods are conceptually transparent and straightforward to implement, they are inherently
approximate and only reproduce Poissonian kinetics in the limit of a vanishing time step. Despite
their methodological differences, both event-driven SSA and time-driven Monte Carlo algorithms
belong to the broader class of stochastic simulation techniques based on probabilistic descriptions
of microscopic dynamics.

Taking this alternative approach to stochastic simulations into account, this work suggests gen-
eralising the time-driven Monte Carlo method in order to simulate processes that are described
by fractional differential equations. Our approach builds on classical algorithms by rigorously
deriving fractional transition probabilities based on Mittag-Leffler statistics. This provides an al-
ternative to event-driven methods that is conceptually transparent and computationally efficient
for moderate system sizes. It is also well-suited to pedagogical exposition [25,42]. To the best
of our knowledge, this work is the first to systematically investigate discrete-time Monte Carlo
methods for fractional chemical kinetics, providing detailed error analyses, stability criteria and
direct comparisons with exact fractional solutions.

The remainder of this paper is organised as follows: Section 2 introduces the theoretical founda-
tions of fractional chemical kinetics, emphasising the connection between the CTRW formalism
and time-fractional kinetic equations. This section also presents the generalised fractional Gille-
spie algorithm and the construction of the time-driven Monte Carlo framework. Section 3 reports
on extensive numerical simulations of unimolecular fractional decay processes. These include
systematic convergence studies, error analysis, and direct comparisons with exact analytical so-
lutions and the classical Markovian limit. Finally, Section 4 summarises the main results and
outlines perspectives for future work.

2 METHODOLOGY
2.1 Continuous-Time Random Walk model

In 1965, the classical article by Montroll and Weiss [33] introduced the Continuous-Time Ran-
dom Walk (CTRW) model as a conceptual generalization of the classical random walk. In this
formulation, two fundamental assumptions are relaxed: (i) the waiting times between successive
events become random variables, and (ii) the spatial jumps and the waiting times are statistically
independent. Later, this framework was interpreted as showing that the average dynamics are
governed by fractional differential equations rather than integer-order ones [29].

Consider initially an irreversible transition process: A — B. Let y(¢)dt denote the probability
that the transition occurs within the time interval between ¢ and ¢ + dt. The survival function,
Y(t), defined as the probability that the transition has not yet occurred up to time ¢, is given by
the expression:

W(r) = /t Cwdr = 1— /O ")t @1
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4 STOCHASTIC SIMULATION OF FRACTIONAL DYNAMICS

The function W(¢) is the survival probability (or complementary cumulative distribution). In
CTRW, it is often assumed that y/(¢) ~ ¢~ !~%, and therefore ¥(¢) ~ t~* by integration.

Since the process is irreversible and species A cannot be replenished, the probability of the system
remaining in state A at time ¢ is exactly equal to the survival function. Therefore, assuming that
the function is normalized, P4 (¢) = W(¢). Passing to the Laplace domain, the following relation
is obtained directly:

Pa(s) = ¥(s) = 1%”(” 22)

which expresses the survival probability in terms of the Laplace transform of the waiting-time
density.

It is convenient to introduce the memory kernel in the Laplace domain through the following
definition

k@y:iwgzy 2.3)

Using this definition, the expression for P4 (s) can be rewritten in the compact form

Pa(s) = —. 2.4)

Assuming the initial condition P4 (0) = 1, this relation is equivalent to the algebraic equation
sPy(s) — P4(0) +K(s)Py(s) = 0. (2.5)

Upon returning to the time domain by inverse Laplace transform, one obtains the
integro-differential master equation characteristic of the CTRW formalism,

dPA (t)
dt

= —/OIK(I —t"YPy(t')dr'. (2.6)

This equation explicitly expresses the nonlocal character in time of the dynamics, since the rate
of change of P4(¢) depends on the entire past history of the system weighted by the memory
kernel K (¢).

In the classical Markovian limit, the waiting times are exponentially distributed. Considering

w(t) =ke ™, 2.7
one has «
ir(s) = . 2.8
V)= (2.8)
Substituting this expression into the definition of the kernel yields
o SU(s)
K(s) = —_— = k7 (29)
R 0
whose inverse transform is
K(t) =ké(1). (2.10)
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Inserting this result into the master equation immediately gives

dPy (l)
dt

- —k/tS(t—t’)PA(t/)dt’ — _kPy(1), @.11)
0

which corresponds to the usual first-order kinetic law characteristic of memoryless processes.

Consider now the non-Markovian case, in which the waiting-time density exhibits a long tail.
In this context, one assumes an asymptotic form compatible with power-law distributions,
characterized in the Laplace domain by
i(s) = ————, O0<oa<l. 2.12
Vi) =17 (15)° (2.12)
The choice of {(s) corresponds in the time domain to a waiting-time statistics governed by a
Mittag—Leffler function [14],

tafl

V() = —Eaal—(t/7)%). 2.13)

The two-parameter Mittag-Leffler function E, g(z) is defined by the following power series:

Zk

Eqp (2) = Z W7

k=0

where z € C is a complex variable, @ and 3 are complex parameters constrained by Re(ct) > 0 for
convergence, and I'() denotes the classical Gamma function. In this case, the survival function
associated with the waiting-time density y(7) is

W(t) =Eq1(—(t/7)%), (2.14)

with the asymptotic limit for  — oo given by

TOC

R =)

. (2.15)

From the expression of {(s), the memory kernel in the Laplace domain becomes

p sP(s) —al-a
K(s)i=—=<=7 . 2.16
(S) l _ IAI/(S) s ( )
For 0 < o0 < 1, one has 1 — ¢ € (0,1). The inverse transform yields the temporal kernel
T o2
K(t)= =——1t"" 2.17
0= Fompy " @17)

which decays slowly in time, reflecting the presence of long-range memory. When 0 < o < 1,
one has o —2 < —1, so that t*~2 is singular at r = 0, requiring interpretation in the sense of
distributions.
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6 STOCHASTIC SIMULATION OF FRACTIONAL DYNAMICS

Substituting this kernel into the master equation, one obtains

dPA(t)__ T ! _ a2 N
e F(a—l)/o(t ) Py () dr'. (2.18)

In the Laplace domain, this equation is equivalent to

N _o Pa(s
sPy(s) — Py (0) = —1 @ s/;f_l), (2.19)
or, equivalently,
s%Py(s) —s* Py (0) = —17 %Ly (s). (2.20)

In the present work, the temporal memory of the system is modeled through the Caputo fractional
derivative, defined as

' !
DEf(1) = 0 l_a) /O (tf_(ga ds, O<a<l.
The Caputo formulation is particularly suitable for physical applications because it allows the
use of classical initial conditions expressed in terms of integer-order derivatives [35]. In the
context of stochastic chemical kinetics, this operator introduces a history-dependent contribu-
tion to the reaction dynamics, effectively accounting for memory effects that arise from non-
exponential waiting-time statistics. If f(¢) is a sufficiently regular function for ¢ > 0, then the
Laplace transform of the Caputo derivative is given by

LD (1) }s) = s*f(s) —s*71 £(0), @21

for 0 < a < 1, where f(s) = .Z{f(t)}(s) [6,7, 18, 35]. Returning to the time domain from
Equation (2.20), one finally obtains the fractional kinetic equation:

DZ(XPA (t) = 7T_aPA ([), (2.22)

where D denotes the Caputo fractional derivative of order «.

Fractional kinetics therefore does not arise as an ad-hoc phenomenological hypothesis, but rather
as a direct mathematical consequence of the fundamental probabilistic assumptions of the CTRW
model. In a broader modeling context, this constructive, non-ad-hoc framework has recently been
corroborated by Monteiro et al. [32]. From a physicochemical standpoint, this derivation provides
a microscopic interpretation of the fractional order ¢ as a parameter quantifying the degree of
temporal heterogeneity in the underlying stochastic dynamics. Values o < 1 indicate the presence
of long-time correlations, which may arise from transport limitations, trapping processes, or
structural disorder in the medium. In heterogeneous catalytic systems, for instance, such effects
may originate from diffusion through porous structures or adsorption-desorption cycles occurring
over a wide range of characteristic times. The classical Markovian limit is recovered when o = 1,
corresponding to exponential waiting-time statistics and memoryless reaction dynamics.
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2.2 Gillespie algorithm and fractional stochastic simulation method

The Gillespie stochastic simulation algorithm (SSA) [11, 12, 13] provides an exact, event-driven
Monte Carlo framework for simulating chemically reacting systems under the assumption of
Markovian dynamics, namely exponentially distributed waiting times between reaction events.
Within this framework, the temporal evolution of the system is constructed by explicitly sampling
both the time to the next reaction and the identity of the reaction channel. This yields trajectories
that are statistically consistent with the Chemical Master Equation [26,41].

Consider a set of elementary reactions, R;, occurring in a homogeneous medium. The
corresponding propensity function for each reaction channel is defined as follows:

aO = Zaj7 (2.23)
J

where a; = k;hj(X), hj =], Xy denotes the number of distinct reactant combinations compatible
with reaction R, and k; is the associated stochastic rate constant. Here, X = (X;,X5,... 7XS)T
represents the state vector of the system, where each component X denotes the current population
(number of molecules) of the chemical species s. The propensity to react is derived from the
probability of a molecular collision, based on statistical mechanics arguments. Two independent
random numbers, ry, 2, uniformly distributed on U (0, 1), are generated. The waiting time to the
next reaction event is then sampled according to the following equation:

1 1
7= 1n(>. (2.24)
ao r

The probability that the selected reaction channel is R; is given by a;/ao, and operationally the
reaction index j is determined as the smallest integer satisfying

J
Z ay > ragp. (2.25)
k=1

The system time is updated as t <— ¢ + 7, and the state vector is modified according to
X < X+ v;. This procedure is iterated until a prescribed final time is reached. The vector
v; = (Vi,V2j,...,Vs;)T defines the net changes, where each component Vy; represents the sto-
ichiometric coefficient of species s when a single reaction event j occurs. In the classical SSA,
the exponential distribution of T directly reflects the Markovian assumption underlying Poisson
reaction statistics.

As demonstrated by Angstmann, Donnelly, and Henry [1,44], a Fractional Stochastic Algorithm
can be developed whose stochastic trajectories converge, in the ensemble sense, to the solution of
the time-fractional master equation. The key modification relative to the classical Gillespie algo-
rithm lies in the sampling of the waiting times 7, which now follow a Mittag—Leffler probability
density:

Vo (T) = ag T“*]Eaﬁa(—aoro‘) , (2.26)

where ap denotes the total propensity of all reaction channels available in the current system
state. Within the CTRW formalism, these non-exponential waiting times lead, in the macroscopic
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8 STOCHASTIC SIMULATION OF FRACTIONAL DYNAMICS

limit, to time-fractional master equations involving nonlocal-in-time operators, most commonly
Caputo fractional derivatives.

1

Equivalently, introducing the characteristic timescale 7, = a,, %, the survival probability can be

W (1) = Eq, [— <T>T. 2.27)

S

written in the rescaled form

The efficient generation of random variables with this distribution is non-trivial, since the Mittag—
Leffler function does not, in general, admit an elementary inverse.

From a computational perspective, it is sufficient to generate the dimensionless random variable:

X=—, (2.28)

T
Ts
and then recover the physical waiting time via T = 7,X. A fundamental result by Kozubowski
and Rachev [21,22] shows that the random variable X, characterized by the survival function

Pr(X > x) = Eg 1 (—x%), (2.29)

admits the exact stochastic representation

. /o
sin(am)
X=—InU) | —————= — on , 2.30
() (e~ costam)) 2:30)
where U and V are independent uniform random variables with uniform distribution on the inter-
val [0,1]. This closed-form transformation provides an exact sampling procedure, avoiding the
need for numerical approximation of the Mittag—Leffler function.

The generalized Gillespie algorithm for irreversible fractional processes of the form A X Bis
constructed as follows: At the initial time ¢ = 0, the system contains Nyg molecules of species
A. Unlike the classical Gillespie algorithm, no single global rate is associated with the system.
Instead, each molecule is treated as an independent stochastic entity endowed with its own in-
ternal clock. Each molecule j is assigned a random waiting time 7;, drawn independently from a
Mittag—Leffler distribution with survival function [30, 39]

Wy (1) = Eq1(—k%%), (2.31)

where 0 < o < 1.
Once the waiting times {7;} have been assigned, the next reaction event is determined by a

competition between clocks. The time increment to the next event is given by:

At= min {7;}, (2.32)
J=l Ny

The molecule associated with this minimum is the next to react. The system time is updated to
t <t + At, and the reacting molecule is removed from the population: N4 <— N4 — 1. The residual
waiting times of all remaining molecules that have not yet reacted are updated according to
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T; < T; — At, where i # j. This update step is essential, as it preserves the memory inherent in the
non-Markovian dynamics. Unlike in the classical SSA, the waiting-time distribution is not reset
after each event.

These steps are repeated until no more molecules of type A remain in the system. Because the
reaction is unimolecular, individual molecules undergo transitions independently. Consequently,
the survival probability of a single molecule governed by this heavy-tailed waiting-time distri-
bution is given exactly by the Mittag-Leffler function. Furthermore, under the assumption that
statistical fluctuations become negligible when the number of independent realizations in an
ensemble is sufficiently large, averaging over many independent realizations yields:

(Na(1)) = NaoEa,1 (—k%t%), (2.33)

which satisfies the fractional derivative equation

d®(Na(1))

= —KHNA(D). (2.34)

As o approaches 1, the Mittag—Leffler distribution converges to an exponential distribution,
residual waiting times lose memory and the algorithm reverts to the classical Gillespie scheme.
However, for 0 < o < 1, the dynamics are intrinsically non-Markovian, and no reformulation
based on global propensities is possible without compromising theoretical consistency.

2.3 Time-driven Monte Carlo approach and proposed generalized framework

The Monte Carlo method emerged as a general computational paradigm in the 1940s, in the con-
text of the Manhattan Project. Mathematicians such as Stanislaw Ulam and John von Neumann
advocated the systematic use of random sampling to solve problems in neutron transport, diffu-
sion and stochastic dynamics that could not be solved using traditional methods. This line of de-
velopment was consolidated through the contributions of Nicholas Metropolis and Enrico Fermi,
with the analogy to games of chance leading to the name "Monte Carlo’. The first widely recog-
nised publication to introduce the method under this name was published in 1949 by Metropolis
and Ulam [8,16,17,27,28]. Since then, the term has come to denote a broad family of stochastic
simulation techniques that are widely used in physics, chemistry and physical chemistry to study
equilibrium properties, diffusion phenomena, elementary reactions and decay processes.

In the field of chemical kinetics, McQuarrie et al. provided a systematic formulation of stochastic
reaction dynamics based on Poisson processes [26,41], while also discussing temporal discretisa-
tion as a practical approximation. This work laid the theoretical foundations for the time-driven
Monte Carlo method, which is now widely used. In this approach, time is divided into equal
intervals, and the state of the system is updated probabilistically at each step. Each entity (e.g.
molecule, particle, radioactive nucleus or reactive site) is assigned a probability p, which is typ-
ically proportional to a rate constant A, of undergoing an event within a given time interval. For
each entity, a uniform random number r in the range (0, 1) is generated,; if r < p, the event occurs;
otherwise, the entity remains unchanged during that step. After all entities have been evaluated,
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1 O STOCHASTIC SIMULATION OF FRACTIONAL DYNAMICS

the system state is updated and time advances by Ar. This makes the algorithm intrinsically
time-driven, as opposed to the event-driven nature of the Gillespie method.

This discretised strategy exhibits well-known structural limitations. The introduction of a finite
time step introduces an approximation error, and for the method to be valid, it is necessary that
AAt is small; otherwise, the possibility of multiple events occurring within a single interval is
neglected. The method also becomes inefficient when events are rare, since many time steps
result in no change to the system. Despite these limitations, discrete-time Monte Carlo meth-
ods remain important historically, transparent conceptually, and useful practically, particularly
for exploratory studies, pedagogical purposes, or situations in which temporal exactness is not
essential.

Now consider a unimolecular process governed by the fractional differential equation [23,45]
DIN(t) = —AN(t), (2.35)

where DY is the Caputo fractional derivative and A is a constant. We consider the associ-
ated initial value problem with n — 1 < o < n and initial conditions [D'N(t)],—¢ = b;, with
[=1,2,...,n.

Applying the Laplace transform to both sides of Equation (2.35) and using the standard property
of the Caputo derivative [6,7,18,35],

LD (0] = s"LING — T 5% DN (1)) (2.36)
k=0

one obtains, after straightforward algebraic manipulations, the equation:

B n blsafl
ZIN(1)] = 1:21 i (2.37)

with [ = k+ 1 and b; = [D'N(t)]i=o.

Each term of Equation (2.37) is inverted by the two-parameter Mittag—Leffler function
Eq g(—At%), defined by [10, 14]

.,aﬂ[tﬁ—lE (_M)] _ P (2.38)
o.p Tose )] ‘

The solution of Equation (2.35) is therefore

n
N(t) =Y bit" ' Eq (—A1%). (2.39)

=1

For 0 < a < 1, one has n = 1 and b; = N(0), yielding

N(1) =N(0)Eq,1(—A1%), (2.40)

which recovers the standard exponential decay in the limit & = 1.
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In the present work, the time-driven Monte Carlo framework is adapted to dynamics governed
by the fractional equation (2.35).

For a unidirectional elementary reaction A — B, each molecule of A is assigned a probability of
conversion per unit time. In the classical Poisson case, this probability is given by P = kAr over a
sufficiently small interval As. Under fractional dynamics, the probability P = dN/N is obtained
by differentiating the analytical solution,

dE
dN = —Aot® dt L(x) (2.41)
dx
with x = =A% and ® @
dEa.l X an X
=% . 242
dx ox ( )
This leads to the effective transition probability
dN | . [Eqo(—At%)
Pit)=— =t dt | =—/—F——% 243
D=7 e ¢4

which naturally reduces to P = A df when a = 1. In the suggested implementation, the singularity
is circumvented by avoiding calculations at t = 0.

The Ehrenfest urn model, introduced by Paul and Tatiana Ehrenfest in 1907, provides a paradig-
matic discrete stochastic representation of relaxation towards equilibrium [8]. In its simplest
formulation, a particle is randomly selected at each time step and transferred between two urns,
generating a discrete Markov chain whose state corresponds to the number of particles in one
urn. In the context of chemical kinetics, the urns can be interpreted as chemical species and the
particles as molecules, with each transfer representing a stochastic reaction event.

Figure 1a illustrates the effective transition probability defined by Equation (2.43) for the frac-
tional order o = 0.8 and compares it with the standard result corresponding to the classical case
o = 1. For a = 1, Eq. (2.43) reduces identically to the constant Poissonian rate P = A dft, reflect-
ing the memoryless character of Markovian first-order kinetics and the exponential distribution
of inter-event times. In contrast, the fractional case o@ = 0.8 exhibits a time-dependent transition
probability that decays algebraically with time and directly reflects the non-Markovian nature of
the underlying dynamics.

In the supplementary material section, the pseudocode for the proposed algorithm is presented.
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(a) Comparison between the time-dependent frac-
tional transition probability for ov = 0.8, given by
Eq. (2.43), and the constant Poissonian transition
probability corresponding to the classical Marko-
vian case ¢ = 1.

——Exact
o Numeric

(b) Comparison between the empirical survival
function obtained by simulation (Equation (2.30)
and the theoretical expression based on the Mittag—
Leffler function for o = 0.8, illustrating the validity
of the waiting-time sampling method.

Figure 1

3 RESULTS AND DISCUSSION

In this section, we present the implementation of the stochastic simulation of the kinetic process
described by a fractional differential equation using event-driven and time-driven Monte Carlo
schemes, as described in Section 2. The numerical results are compared with the exact analytical
solution. As a case study, we consider the irreversible process A 5 B.

We begin by presenting the results obtained using the generalized fractional Gillespie algorithm,
as presented in [11, 12, 13]. The implementation of this method requires an efficient procedure
for generating random numbers distributed according to Mittag—Leffler statistics. As discussed
in Section 2, we employ the algorithm proposed by Kozubowski and Rachev [22] for this pur-
pose. Figure 1b compares the empirical survival function obtained from N = 10° independent
samples using the Kozubowski and Rachev algorithm with the exact theoretical expression,
Equation (2.14). The excellent agreement between the two curves provides strong numerical
evidence of the correctness of the sampling procedure adopted for generating waiting times with
a Mittag—Leffler distribution.

Figure 2a, obtained from the numerical experiment, compares three distinct dynamical descrip-
tions for the irreversible reaction: (i) the ensemble-averaged result computed using the general-
ized fractional Gillespie algorithm (circle symbols with error bars) with o = 0.8, (ii) the exact
analytical solution of the fractional kinetic equation, expressed in terms of the Mittag—Leffler
function (continuous line) with oo = 0.8, and (iii) the classical Markovian solution characterized
by exponential decay (dashed line). The simulation parameters are k = 0.1 and initial population
Nyo = 1000, with the ensemble average computed from M = 50 independent realizations.
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i Event-time a=0.8
—— Exact, a=0.8
800 - - = a=1

(a) Comparison between the ensemble-averaged re-
sult obtained using the generalized fractional Gille-
spie algorithm, the analytical fractional solution
based on the Mittag—Leffler function, and the clas-
sical exponential Markovian solution for the irre-

1000 §

= Monte Carlo(single trajectory), a=0.8
—— Exact, a=0.8
800 Y| - — Exact, a=1

b
900 1}

(b) Single trajectory of the fractional unimolecu-
lar decay A — B obtained by Monte Carlo simula-
tion, compared with the analytical fractional solu-
tion based on the Mittag—Leffler function (o = 0.8)
and with the classical exponential limit (& = 1).

versible reaction A — B, with k = 0.1, ¢ = 0.8, and
Nyo = 1000.

Figure 2

Figure 2a shows the excellent agreement between the Gillespie ensemble average, (N4 (t)), and
the exact theoretical prediction, Equation (2.40), throughout the entire time interval considered.
Details of this algorithm and analysis of the convergence can be found in references [11, 12, 13].

We now present the results obtained using the generalized time-driven Monte Carlo method
applied to the same problem.

The distinction between the two methods, Gillespie and time-driven Monte Carlo, lies primarily
in how time is treated and how the system transitions are selected. In the time-driven Monte
Carlo approach, we adopt the standard Metropolis-style algorithm, in which time is measured
in discrete units. At each step, a particle is selected randomly and an attempted transition is
performed. Even if the transition is rejected, the “time” variable still advances by one unit.

Figure 2b shows the results of a Monte Carlo simulation of fractional unimolecular decay cor-
responding to a single stochastic trajectory, compared with the analytical solutions based on
the Mittag—Leffler function (o0 = 0.8) and with the classical exponential limit (& = 1). As ex-
pected for a single-trajectory simulation, the stochastic process presents a highly noisy character
(see Figure 3a). A clear qualitative agreement is observed in Figure 2b between the simulated
Monte Carlo trajectory and the analytical fractional solution. At short times, the decay is rela-
tively rapid and remains close to exponential behavior, reflecting the fact that memory effects do
not yet dominate the dynamics. As time evolves, the fractional solution progressively deviates
from the classical exponential solution, exhibiting a slower decay that unequivocally highlights
the physical impact of long-range memory incorporated through the fractional order o < 1.
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The fluctuations visible in the Monte Carlo simulation points are statistically expected, given the
intrinsically noisy nature of the stochastic process and the fact that a single trajectory is consid-
ered. Figure 3b presents the average over an ensemble of M = 50 independent trajectories of the
fractional unimolecular decay process obtained by time-driven Monte Carlo simulation, together
with error bars corresponding to the standard deviation oy (z). These results are compared with
the analytical fractional solution (¢ = 0.8) based on the Mittag—Leffler function and with the
classical exponential solution (& = 1). This comparison constitutes a test of the consistency of
the stochastic algorithm in the non-Markovian regime.

6 T T T 1000 T
—e— Monte Carlo, a=0.8 200 —}—Monte Carlo, a=0.8
4r 1 ‘\ —— Exact, a=0.8
800 - - — Exact, a=1

e,%

t

(a) Stochastic fluctuations associated with the sin-
gle Monte Carlo trajectory shown in Figure 2b,
highlighting the noisy character of the stochastic
process.

Tempo

(b) Ensemble average over M = 50 independent
trajectories of the fractional unimolecular decay
A — B obtained by Monte Carlo simulation, with
error bars corresponding to the standard deviation

on(t), compared with the analytical fractional so-
Iution (¢ = 0.8) and the classical exponential solu-
tion (@ = 1).

Figure 3

3.1 Numerical Convergence with Respect to the Time Step (Ar — 0)

The evaluation of numerical convergence with respect to the time step Ar is fundamental to
ensure that the discrete solution asymptotically approaches the continuous limit of the underlying
fractional or Markovian kinetic model as At — 0. A numerical scheme is considered convergent
if the global discretization error €y (Ar) vanishes in the limit of infinitesimal time steps:

lim ey (A1) = 0. 3.1)

In this study, the discretization error is quantified by the maximum absolute deviation over the
observation interval [0, 7]:

e (A1) = max |[(N™ (1)) a1 — Nexact (1), (3.2)

1€[0,7]

where (N (1)) represents the ensemble average obtained from M Monte Carlo realizations
and Nexact (1) denotes the analytical solution of the corresponding fractional differential equation.
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For a numerical method of order p, the asymptotic behavior of the error follows the power law
ey (Ar) ~ C(Ar)?, where C is a system-dependent constant independent of the discretization
parameter. In a logarithmic scale, this relationship linearizes as:

log ey =1logC + plogAt. 3.3)

Consequently, the slope of the linear fit in a log-log plot provides the empirical convergence
order p. This analysis is of particular importance for non-Markovian dynamics governed by
Continuous Time Random Walks (CTRW), where the nonlocal temporal coupling and the heavy-
tailed nature of the waiting-time distributions often lead to slower convergence rates compared
to classical Markovian kinetics (& = 1).

Table 1 summarizes the convergence results for the classical regime (¢ = 1) and the subdiffusive
fractional regime (o = 0.8). Both cases exhibit a monotonic decay of the error as At decreases,
confirming the internal consistency and stability of the proposed stochastic algorithm. Linear
regression of the log—log data yields an empirical convergence order of p ~ 1 (R* = 0.9899) for
the Markovian case, whereas for the fractional case (a = 0.8), the order reduces to p ~ 0.565
(R?> = 0.9986). The reduction in the empirical convergence order indicates a deceleration in the
algorithm’s convergence rate.

This occurs because the heavy-tailed probability density function y/(¢) ~ t~!~% implies a wider
divergence in realization behaviors; while some experience extended periods of stasis without
reactive events, others undergo rapid successive steps. Consequently, this significantly increases
the ensemble variance () compared to the Poissonian statistics characteristic of the o = 1
case. For a = 0.8, the system explores the state space more slowly, requiring a larger ensemble M
to adequately sample the tails of the Mittag-Leffler distribution. This point suggests that standard
Monte Carlo sampling becomes less efficient as & decreases.

Table 1: Global discretization error &y (At) for the Markovian (a = 1) and non-Markovian (o =
0.8) regimes.

At 0.5000  0.2000 0.1000 0.0500 0.0100
=1 9.4220  3.4006 2.2987 1.4323 0.9619
a=0.8 | 16.6112 10.1059 7.0030 4.3546 1.8596

3.2 Statistical Convergence with Respect to the Ensemble Size (M — o)

In the Monte Carlo formulation of stochastic chemical kinetics, the physically relevant observ-
able is the ensemble-averaged trajectory rather than an individual realization. Let N (m) (t) de-
note the m-th independent stochastic realization of the process. The empirical ensemble mean is

defined as the estimator:
1

M
(N =77 ¥ N (@), (3.4)
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For a fixed time ¢, the set {N") (¢) }*_, consists of independent and identically distributed (i.i.d.)
random variables with finite variance 62(¢). According to the Strong Law of Large Numbers, the

empirical mean converges to the theoretical expectation:
(N(t))my — E[N(r)] when M — oo, (3.5)

which guarantees the statistical consistency of the Monte Carlo estimator. Furthermore, the
Central Limit Theorem (CLT) dictates the asymptotic distribution of the estimation error:

VM (N0 —EIN@)]) L . (0,6%(1)). (3.6)

Consequently, the statistical fluctuation of the ensemble average scales as &'(M -1/ 2). This M ~1/2
scaling is an intrinsic property of Monte Carlo estimators, remaining theoretically independent of
the fractional order ¢ or the temporal discretization step Ar. Increasing M reduces the statistical
noise (variance) of the estimator but does not mitigate the systematic discretization error (bias)
associated with the finite time-step A¢. Therefore, a slope near —1/2 in a log—log plot of the error
versus M provides quantitative evidence of robust statistical convergence.

Table 2 presents the evolution of the maximum absolute error,

enr(M) = max [{N(£))pr — Nexaer (7)] 3.7
t€[0,7]

as a function of the ensemble size M for the Markovian (& = 1) and non-Markovian (& = 0.8)
regimes. The data present an overall downward trend, subject to stochastic fluctuations intrinsic
to the process. Empirical fits yield convergence slopes of 8 ~ 0.619 (R?> = 0.9678) for o = 1 and
B ~0.3421 (R* = 0.7766) for a = 0.8. The deviation from the ideal 0.5 slope in the fractional
case, coupled with the lower R? value, reflects the higher intrinsic variance and the "heavy-tailed”
influence of the waiting-time distributions on the sampling efficiency.

Table 2: Statistical convergence parameter €x,(M) as a function of the ensemble size M for a = 1
and o0 = 0.8.

M 10 20 50 100 250 500 750 1000 1500 2000
a=1 12.4449 9.5330 3.7934 3.5878 2.7735 1.1470 1.0130 0.9619 0.5232 0.3995
o=0.8 | 159084 69266 3.1386 2.2092 24035 29014 19800 1.8596 1.8140 1.5789

3.3 Structural Convergence in the Limit o — 1

A fundamental consistency requirement for any fractional kinetic model is the recovery of clas-
sical Markovian dynamics as the anomalous exponent ¢ approaches unity. For a unimolecular ir-
reversible reaction A — B, the fractional framework should collapse into the first-order rate equa-
tion, where the Caputo fractional derivative reduces to a standard temporal derivative, yielding
the exponential survival probability:

P(t) = exp(—At). (3.8)
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In the fractional regime, the analytical solution is governed by the Mittag-Leffler function:

Py(t) = Eq(—A1?%). (3.9

It is mathematically established that lim,,_, ;- Eq(—At%) = exp(—At) pointwise for r > 0. How-
ever, for a rigorous validation of the numerical scheme, pointwise convergence is insufficient.
We define a stronger criterion based on the uniform norm over the observation interval [0, T]:

W(e) = sup |Palr) —exp(—Ar)]. (3.10)
t€[0,7]

Structural consistency is verified if lim,,_, ;- @(@) = 0, ensuring that the maximum deviation be-
tween the non-Markovian and classical trajectories vanishes globally. Physically, this limit signi-
fies the extinction of long-memory effects. As o — 1, the heavy-tailed waiting-time distribution
characteristic of Continuous Time Random Walks (CTRW) loses its power-law scaling and con-
verges to an exponential distribution. This transition restores the Markov property, transforming
the nonlocal temporal operator into a local one.

Table 3 quantifies this structural deviation. The results demonstrate a strictly monotonic decay of
U () as « increases from 0.4 to 1.0. The residual value at & = 1.0 (1t & 3.6647) represents the
combined contribution of the finite temporal discretization (At = 0.1) and the statistical variance
of the ensemble (M = 50). Despite these numerical constraints, the clear trend provides robust
evidence that the fractional model is a legitimate generalization of classical kinetics, smoothly
recovering the exponential regime.

Table 3: Structural convergence toward the Markovian limit (¢ — 1) quantified by the uniform
norm p(a). Parameters: A = 0.1, M = 50, Ar = 0.1.

o 04 0.5 0.6 0.7 0.8 0.9 a—1.0
u(e) | 313.5582 257.4353  199.4208 150.9512 101.3750 52.4843  3.6647

3.4 Computational Cost Analysis

A comparative analysis of computational performance reveals a significant disparity in efficiency
between the two methodologies. Utilizing a 13th Gen Intel(R) Core(TM) i7-1335U processor
with 16 GB of RAM, the Event-Driven Monte Carlo (EDMC) approach completed the simulation
in a mere 3 s for parameters M = 1000, o = 0.8, and 7,,,,, = 50, as measured by the MATLAB
tic/toc routine. In contrast, the Time-Driven Monte Carlo (TDMC) method exhibited an increase
in computational cost as the temporal resolution was refined; execution times surged from 119 s
at Ar = 0.5 to 1199 s at Ar = 0.05. These results underscore the inherent advantage of the event-
driven scheme, which achieves superior precision by leaping directly between state transitions,
whereas the time-driven approach incurs heavy overhead by processing redundant steps during
periods of system inactivity.
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4 CONCLUSION

In this study, we present a detailed numerical and conceptual analysis of a discrete-time Monte
Carlo framework for fractional chemical kinetics. We focus particularly on comparing it with the
generalised Gillespie algorithm and the exact solution in the hydrodynamic limit (N — o).

Introducing fractional derivatives into the governing chemical process introduces a memory ef-
fect. In a stochastic process, this implies that the probability of a transition occurring depends on
the entire past history or the ’waiting time’ since the last event. In a fixed time-step scheme,
the process becomes Markovian (memoryless) if the transition probability is treated as con-
stant within each interval. In order to capture memory effects in discrete time, an instantaneous
fractional transition probability p(z) must be employed that depends explicitly on the elapsed
time.

The numerical results demonstrate that, for moderate fractional orders (o 2 0.5), the ensemble-
averaged Monte Carlo trajectories converge reliably to the exact Mittag—Leffler solutions of the
corresponding time-fractional kinetic equation.

However, a systematic error analysis revealed that the performance of discrete-time schemes
deteriorates significantly for small fractional orders (¢t < 1). In this strongly non-Markovian
regime, long waiting times and the absence of a finite mean waiting time exacerbate discretisation
errors and restrict the effectiveness of ensemble averaging. The time-driven Monte Carlo method
is inefficient for systems in which the acceptance probability of a move is very low, as substantial
time is spent processing rejected attempts. By contrast, event-driven algorithms (SSA/Gillespie)
select only events that will occur, rather than attempting moves that may fail. These findings
suggest that discrete-time Monte Carlo methods require further refinement.

This framework provides a robust basis for expanding discrete-time fractional Monte Carlo meth-
ods to encompass more intricate reaction networks, reversible processes and systems coupled
to anomalous transport. The proposed approach provides a unified and comprehensive view of
non-Markovian chemical dynamics.
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SUPPLEMENTARY MATERIAL

Algorithm 1 Time—Step Monte Carlo Simulation of Fractional Dynamics.

1: Input: Ny (initial number of particles), A (decay parameter), Az (time step), fmax (Maximum
simulation time), o (fractional order, 0 < o < 1)
Initialization:
N < Ny
o< 0
T+ {t;=iAt|i=0,1,..., |tmax/Af]}
Nuc(to) < No
fori=1to|7|—1do
t+ Ti]
X< —At%
Compute the instantaneous fractional transition rate

D AN R

_.
4

1

P(I)F?

Eoc,O (x)
Ea,l (x)

11:  Ngec <0
122 for j=1toNdo

13: Generate r ~ % (0,1)
14: if r < p(t) At then

15: Ndec ¢ Ndec + 1

16: end if

17:  end for

18: N < N —ngec

190 Nvc(t) <N

20: end for

21: Theoretical reference solution:

22: forallr € 7 do

23: Np(t) < NoEg1(—At%)

24: end for

25: Output: Time evolution Nyic(#) and comparison with Ny (#)
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