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ABSTRACT. This paper presents an exact analytical study of global instabilities in pyramidal trusses
under large displacements. Using the stationarity of total potential energy and Green-Lagrange strain, non-
linear equilibrium equations are derived for a 3-bar isostatic truss. The tangent stiffness matrix yields 6
critical points: 2 limit points and 2 double bifurcation points. Multiple bifurcation is shown to occur univer-
sally for α > 45◦, independent of bar count m ≥ 3 and alignment. Closed-form expressions for primary and
secondary paths, validated via eigenvalue analysis, establish a generalized buckling threshold with direct
implications for lightweight lattice design.

Keywords: multiple bifurcation, snap-through, pyramidal trusses.

1 INTRODUCTION

Pyramidal trusses, prized for their inherent geometric rigidity, high strength-to-weight ra-
tio, and efficient load distribution, are becoming increasingly crucial across diverse engineer-
ing disciplines, including aerospace, mechanical engineering, energy absorption systems, and
additive-manufactured metamaterials, [3].

Understanding the post-buckling behavior of structures is crucial for ensuring the safety and
reliability of engineering designs. This paper presents a thorough exploration of the post-buckling
behavior of pyramidal trusses, offering valuable insights into the stability of such structures under
large displacements. The examination of static equilibrium analysis revealed the presence of
multiple bifurcation phenomena, as evidenced by the identification of 6 critical points, 2 limit
points, and 2 bifurcation points with a multiplicity of 2.

In structural analysis, bifurcation typically indicates a critical point where the structural behavior
undergoes a qualitative change. The actual load-carrying capacity is often dictated by the charac-
teristics of the bifurcation points within the ideal system. This is due to imperfections potentially
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2 INSTABILITIES OF PYRAMIDAL TRUSSES

redirecting the solution path to a secondary route with significantly lower limit loads. Therefore,
it is crucial to identify and scrutinize all secondary branches originating from a bifurcation point.

Early work on post-buckling analysis of critical points was presented by [12, 13], [8] and [7],
where estimates on the number of branches from a critical point are given.

More recent work on post-buckling analysis of critical points was presented by [10], who intro-
duced a method for analyzing and resolving symmetric bifurcations by formulating bifurcation
equations through an asymptotic expansion approach. The derivation of these equations was car-
ried out with a decomposition of spaces using the Lyapunov-Schmidt theory [6]. Other work on
post-buckling analysis of critical points, relevant to this article, was presented by [5], who intro-
duced an enhanced stiffness iteration method for the precise computation of bifurcation points
with multiple zero eigenvalues.

While [10] and [5] developed numerical strategies for resolving symmetric and multiple bifur-
cations via asymptotic expansions and stiffness iteration, respectively, the present work derives
exact closed-form equilibrium paths for the pyramidal truss. Unlike [9], who obtained analyt-
ical solutions under specific loading directions, we establish a generalized buckling threshold
(α > 45◦) valid for arbitrary m ≥ 3 and bar alignment, using symmetry and eigenvalue analysis
of the tangent stiffness matrix.

The challenging problem of multiple bifurcation was presented by [14], who proposed a 4-
degree-of-freedom benchmark model. The structure of multiple bifurcation points was studied
by [1] in multi-folding microstructure models. A new method for finding multiple bifurcation
points was presented by [11] using eigenvalue perturbation.

The stability of equilibrium configurations in pyramidal trusses was also investigated by [9],
who analyzed elastic spatial trusses with regular pyramidal geometry. Exact closed-form solu-
tions were derived for various loading conditions under linear elastic material behavior, small to
moderate axial strains, and large nodal displacements. Despite their apparent geometric simplic-
ity, these systems exhibit a rich variety of post-critical responses. The authors demonstrated that
multiple bifurcation occurs exclusively under vertical loading, irrespective of the number of bars.

The organization of the paper is as follows. Section 2 describes the analytical formulation.
Section 3 demonstrates that element misalignment does not alter multiple bifurcation. Sec-
tion 4 shows that hyperstatic trusses exhibit the same behavior. Section 5 presents coalescence
conditions. Section 6 describes primary and secondary paths. Section 7 presents conclusions.

2 ANALYTICAL FORMULATION

In order to analytically detect the critical points in the primary equilibrium path, this paper
considers a pyramidal truss, as schematically represented in Figure 1. Pyramidal trusses repre-
sent the simplest generalization of the Mises truss to 3D space. Displacement boundary con-
ditions, loading conditions as well as the geometrical properties of this pyramidal truss are
also schematically represented in Figure 1. On the (x,y) plane draw a circle of radius R with

Trends Comput. Appl. Math., 27 (2026), e01852
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Figure 1: Isostatic pyramidal truss.

center at x = y = 0. Place m ≥ 3 identical truss members going from the apex to the circle,
spaced at equal circumferential angle φ = 2π/m, and starting at the x axis. Figure 1 depicts
the case m = 3, in which φ is 120

o
. As outlined in [2, 4], an elastic linear constitutive model is

employed to define the uniaxial stress-strain relationship, such that, σ = Eε , and the Green-

Lagrange strain ε = 1
2 (

l
2

l2
0

− 1) is adopted as deformation measure. The axial rigidity of the

each bar is EA0 . As represented in Figure 1, the initial length of each truss bar is given by
l0 =

√
R2

+H2 , in which, R = l0cosα and H = l0sinα . After the vertex displacement, given

by (u,v,w), the current length of each bar will be given by lAB =
√
(u−R)2

+ v2 +(H −w)2 ,

lAC =

√
(u+ R

2 )
2
+(v−

√
3

2 R)2
+(H −w)2 and lAD =

√
(u+ R

2 )
2
+(v+

√
3

2 R)2
+(H −w)2 , re-

spectively. To make easier the algebraic development, the following non-dimensional parameters
are adopted:

µx =
u
l0

, µy =
v
l0

, µz =
w
l0

, λx =
fx

EA0

, λy =
fy

EA0

, λz =
fz

EA0

(2.1)

Trends Comput. Appl. Math., 27 (2026), e01852
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4 INSTABILITIES OF PYRAMIDAL TRUSSES

Taking into account the definition of these parameters, as well as the definitions of l0 , lAB , lAC and
lAD , the Green-Lagrange strain of each bar element is given by

εAB =
l
2
AB

−l
2
0

2l2
0

=
(u−R)2+v2+(H−w)2−l

2
0

2l2
0

=

= 1
2 µ2

x +
1
2 µ2

y +
1
2 µ2

z −µx cosα −µz sinα

εAC =
l
2
AC

−l
2
0

2l2
0

=
(u+ R

2 )
2+(v−

√
3

2 R)2+(H−w)2−l
2
0

2l2
0

=

= 1
2 µ2

x +
1
2 µ2

y +
1
2 µ2

z +
1
2 µx cosα −

√
3

2 µycosα −µzsinα

εAD =
l
2
AD

−l
2
0

2l2
0

=
(u+ R

2 )
2+(v+

√
3

2 R)2+(H−w)2−l
2
0

2l2
0

=

= 1
2 µ2

x +
1
2 µ2

y +
1
2 µ2

z +
1
2 µx cosα +

√
3

2 µycosα −µzsinα

(2.2)

and, consequently, the total potential energy of the structural system is given by

π = EA0 l0

(1
2

ε
2
AB
+

1
2

ε
2
AC
+

1
2

ε
2
AD

−λx µx −λy µy −λz µz

)
(2.3)

Since the structural system is considered only with 3 degrees of freedom, its equilibrium condi-
tion may be represented by a nonlinear system of 3 equations with 3 unknowns. The equation
system can be found applying the principle of stationarity of the functional expressing the first
variation of the total potential energy as δπ = ∂π

∂ux
δux +

∂π

∂uy
δuy +

∂π

∂uz
δuz = 0. Thus, taking into

account the parameters defined in equation (2.1) and applying the condition of stationarity in the
equation (2.3), the following system of equations is obtained:

µx(εAB + εAC + εAD)+ cosα
( 1

2 (εAC + εAD)− εAB

)
−λx= 0

µy(εAB + εAC + εAD)+
√

3
2 cosα(εAD − εAC)−λy= 0

(µz − sinα)(εAB + εAC + εAD)−λz= 0

(2.4)

These equations represents the conditions of equilibrium, in the deformed configuration of the
pyramidal truss, in the directions of the axes x, y and z, accordingly.

To obtain the tangent stiffness matrix, the load parameters are differentiated, relatively to the
displacement parameters, in the equations of equilibrium, by considering that:


dλx

dλy

dλz

=


∂λx
∂ µx

∂λx
∂ µy

∂λx
∂ µz

∂λy
∂ µx

∂λy
∂ µy

∂λy
∂ µz

∂λz
∂ µx

∂λz
∂ µy

∂λz
∂ µz




dµx

dµy

dµz

 (2.5)

Trends Comput. Appl. Math., 27 (2026), e01852
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Hence, the coefficients of the tangent stiffness matrix are determined by differentiating the equa-
tions (2.2) and (2.4), in accordance to equation (2.5). After some basic algebraic developments,
it follows that

dλx

dλy

dλz

=


3µ2

x
+ 3

2 cos2α + ε̄ 3µx µy 3µx(µz − sinα)

3µx µy 3µ2
y
+ 3

2 cos2α + ε̄ 3µy(µz − sinα)

3µx(µz − sinα) 3µy(µz − sinα) 3(µz − sinα)2 + ε̄




dµx

dµy

dµz

 (2.6)

in which, ε̄ = εAB + εAC + εAD .

2.1 Tangent stiffness determinant and eigenvalues on primary path

Closed-form solutions can now be obtained for the determinant and eigenvalues of the tangent
stiffness matrix. They will be used to detect and classify critical points on the primary equilibrium
path. Critical points are characterized as limit points or bifurcation points. A limit point repre-
sents the loss of stiffness of the structural system when reaching the maximum load. After this
critical point, the structural system becomes unstable and then, a dynamic jump occurs, in search
of a stable equilibrium configuration. This phenomenon is known as Snap-through. The bifurca-
tion point represents the buckling of the structural system, that is, a sudden change in the equi-
librium path. To determine the critical points in the primary path, the following restrictions are
imposed to the system: µx=µy=0 and λx=λy= 0, which leads to: εAB= εAC= εAD=ε= 1

2 µ2
z −µzsinα ,

according to equations (2.2). When these restrictions are imposed in equation (2.6), the following
expression of the tangent stiffness is obtained

K =


3
2 cos2α +3ε 0 0

0 3
2 cos2α +3ε 0

0 0 3(µz − sinα)2 +3ε

 (2.7)

whose determinant is given by

det K = ( 3
2 µ2

z −3µz sinα + 3
2 cos2α)

2
( 9

2 µ2
z −9µzsinα +3sin2α) = 0 (2.8)

This is a polynomial of the 6th degree, with respect to µz , which can have 6 real roots. Note that
two roots have multiplicity 2 because the coeficients k11 and k22 of the tangent matrix in (2.7) are
equals, what imply in the multiple bifurcation. Since the tangent stiffness matrix, expressed in
equation (2.7), is a diagonal, its pivots are therefore its eigenvalues, that are expressed as

℘1 = k11 =
3
2 µ2

z −3µzsinα + 3
2 cos2α

℘2 = k22 =
3
2 µ2

z −3µzsinα + 3
2 cos2α

℘3 = k33 =
9
2 µ2

z −9µzsinα +3sin2α

(2.9)

These eigenvalues are polynomials of the 2nd degree, with respect to µz , whose roots are the
critical points.

Trends Comput. Appl. Math., 27 (2026), e01852
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6 INSTABILITIES OF PYRAMIDAL TRUSSES

Table 1: Critical points.

critical point root 1 root 2 instability mode

(1) (2) (3) (4)

bifurcation spatial bifurcation

point buckling in

(℘1=0) µ
bp1
z = sinα−

√
2sinα2−1 µ

bp2
z = sinα+

√
2sinα2−1 the x-direction

α > 45
o

µx̸=0, µy=0 and µz̸=0

bifurcation spatial bifurcation

point buckling in

(℘2=0) µ
bp3
z = sinα−

√
2sinα2−1 µ

bp4
z = sinα+

√
2sinα2−1 the y-direction

α > 45
o

µx=0, µy̸=0 and µz̸=0

limit point µ
l p1
z = (1−

√
3

3 )sinα µ
l p2
z = (1+

√
3

3 )sinα Snap-through

(℘3=0) µx=0, µy=0 and µz̸=0

The roots of the polynomial in (2.9a), given by ℘1 = 0, are relative to spatial buckling in the x
direction, whereas the roots of the polynomial in (2.9b), given by ℘2 = 0, are relative to spatial
buckling in the y direction, and finally, the roots of the polynomial in (2.9c), given by ℘3 = 0,
are relative to the snap-through phenomenon. The values of these roots are presented in Table
1. Note that there are 6 critical points, which are 2 limit points and 2 bifurcation points of the
multiplicity 2 that represent the multiple bifurcation.

For multiple bifurcation points to exist, the respective roots must be real. Therefore, for buckling
in the x-direction or for buckling in the y-direction can take place when α > 45o as shown in
Table 1. It is observed that this condition is valid for any number of bars from m ≥ 3, since the
bars are spaced at equal circumferential angle φ = 2π/m, as will be demonstrated in the next
sections.

To study the behavior of the determinant and eigenvalues of the tangent stiffness matrix, along
the primary equilibrium path, 3 models of the pyramidal truss will be analyzed. The radius of the
circle will be the same for the 3 models, while the height will be different for each model. The
definition of geometry and dimensionless parameters of each model are described in Table 2.

Trends Comput. Appl. Math., 27 (2026), e01852
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Table 2: Geometric parameters.

non-dimensional model 1 model 2 model 3
parameter R = 3 m, H = 2 m R = 3 m, H = 4 m R = 3 m, H = 6 m

(1) (2) (3) (4)

α 33.69
o

53.13
o

63.43
o

Figures 2a, 2c and 2e show the graphs of the determinant, while Figures 2b, 2d and 2f show the
graphs of the eigenvalues of the tangent stiffness for Models 1, 2 and 3 of the pyramidal truss,
respectively. Regarding the graphs presented in these figures, it can be seen that:

• For Model 1, Figures 2a and 2b, there are only 2 real roots that represents the limit points
l p1 and l p2 . According the Figura 2b the multiple bifurcation not occur why ℘1 and ℘2

functions dont have real roots;

• For Model 2, Figures 2c and 2d, there are 6 real roots, 2 roots represent the limit points
l p1 and l p2 , and 2 roots of multiplicity 2 represent the bifurcation points bp1 , bp2 , bp3 and
bp4 , where bp1 = bp3 and bp2 = bp4 . The multiple bifurcation occur before the limit point,
bp1 = bp3 < l p1 . In the intervals [bp1 = bp3 , l p1 ] and [l p2 ,bp2 = bp4 ] the determinant is
positive but the equilibrium is unstable, since ℘1 < 0 and ℘2 < 0 in these intervals. When
decreasing the value of the heigh H there is a tendency coalescence between bp1 = bp3

and l p1 , and bp2 = bp4 and l p2 , respectively;

• For Model 3, Figures 2e and 2f, there are 6 real roots, 2 roots represent the limit points
l p1 and l p2 , and 2 roots of multiplicity 2 represent the bifurcation points bp1 , bp2 , bp3 and
bp4 , where bp1 = bp3 and bp2 = bp4 . The multiple bifurcation occur before the limit point,
bp1 = bp3 < l p1 . In the intervals [bp1 = bp3 , l p1 ] and [l p2 ,bp2 = bp4 ] the determinant is
positive but the equilibrium is unstable, since ℘1 < 0 and ℘2 < 0 in these intervals. When
increasing the value of the heigh H there is a tendency the increasing the gap between
bp1 = bp3 and l p1 , and bp2 = bp4 and l p2 , respectively. The multiple bifurcation occurs
long before the limit point.

Trends Comput. Appl. Math., 27 (2026), e01852
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8 INSTABILITIES OF PYRAMIDAL TRUSSES

Figure 2: Determinant and eigenvalues of the tangent stiffness. a) and b) Model 1. c) and d)
Model 2. e) and f) Model 3.

3 PYRAMIDAL TRUSS WITH THREE MEMBERS MISALIGNED WITH (X ,Y )
AXES

The objective in this section is to demonstrate that the misalignment of elements in the pyramidal
truss concerning the x and y axes does not alter the value of the angle α at which multiple
buckling occurs. This remains true as long as the angle φ between the projections of the elements
in the (x,y) plane is consistent, specifically φ = 120

o
, as illustrated in Figure 3. In this scenario,

Trends Comput. Appl. Math., 27 (2026), e01852



i
i

“1852” — 2026/3/10 — 14:59 — page 9 — #9 i
i

i
i

i
i

W.T.M. SILVA, G.F. BARROZO and A.A.A. PORTELA 9

it is assumed that the projections of elements AB and AD are 15
o

away from the x and y axes,
respectively, while the projection of element AC is 45

o
away from the y-axis.

Figure 3: Members of the pyramidal truss projected on (x,y) plane.

Taking into account the coordinates of nodes A, B, C, and D in the undeformed configuration, as
well as the displacements (u,v,w) of node A, in addition to the dimensionless parameters defined
in Equation 2.1, the deformations of the elements are expressed as

εAB =
l
2
AB

−l
2
0

2l2
0

=
(u−Rcos15o)2+(v−Rsin15o)2+(H−w)2−l

2
0

2l2
0

=

= 1
2 µ2

x +
1
2 µ2

y +
1
2 µ2

z −µx cosαcos15
o −µy cosαsin15

o −µz sinα

εAC =
l
2
AC

−l
2
0

2l2
0

=
(u+Rsin45o)2+(v−Rcos45o)2+(H−w)2−l

2
0

2l2
0

=

= 1
2 µ2

x +
1
2 µ2

y +
1
2 µ2

z +µx cosαsin45
o −µycosαcos45

o −µz sinα

εAD =
l
2
AD

−l
2
0

2l2
0

=
(u+Rsin15o)2+(v+Rcos15o)2+(H−w)2−l

2
0

2l2
0

=

= 1
2 µ2

x +
1
2 µ2

y +
1
2 µ2

z +µx cosαsin15
o
+µycosαcos15

o −µz sinα

(3.1)

Trends Comput. Appl. Math., 27 (2026), e01852
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10 INSTABILITIES OF PYRAMIDAL TRUSSES

Applying the principle of stationarity to the first-order variation of the total potential energy
functional, defined in Equation 2.3, leads to the equilibrium equations expressed as

µx(εAB + εAC + εAD)+ cosα(sin45
o
εAC + sin15

o
εAD − cos15

o
εAB)−λx= 0

µy(εAB + εAC + εAD)+ cosα(cos15
o
εAD − sin15

o
εAB − cos45

o
εAC)−λy= 0

(µz − sinα)(εAB + εAC + εAD)−λz= 0

(3.2)

Applying the algebraic procedure defined in Equation 2.5 to the equilibrium equations de-
scribed in Equation 3.2 leads to the same stiffness matrix given in Equation 2.6, noting that
(sin45

o
+ sin15

o − cos15
o
) = 0 and (cos15

o − sin15
o − cos45

o
) = 0. Therefore, by imposing the

constraints µx = µy = 0 and λx = λy = 0, the same stiffness matrix given in Equation 2.7 is ob-
tained. Consequently, the same eigenvalues defined in Equation 2.9 can be obtained whose roots
are presented in Table 1. Therefore, α > 45

o
represents the necessary condition for multiple

buckling to occur.

4 PYRAMIDAL TRUSS WITH FOUR MEMBERS (M = 4)

The objective of this section is to demonstrate that the number of elements m > 3, comprising the
pyramidal truss, does not alter the value of the angle α at which multiple buckling occurs. This
remains true as long as the angle φ between the projections of the elements in the (x,y) plane be
the same, as illustrated in Figure 4.

Figure 4: Pyramidal truss with four members.

For the sake of simplicity, consider the projections of the pyramidal truss elements in the (x,y)
plane, composed of four elements aligned with the respective x and y axes, that is φ = 90

o
,

Trends Comput. Appl. Math., 27 (2026), e01852



i
i

“1852” — 2026/3/10 — 14:59 — page 11 — #11 i
i

i
i

i
i

W.T.M. SILVA, G.F. BARROZO and A.A.A. PORTELA 11

as represented in Figure 4. Taking into account the coordinates of nodes A, B, C, D, and E
in the undeformed configuration, as well as the displacements (u,v,w) at node A, along with
the dimensionless parameters defined in Equation 2.1, the deformations of the elements are
expressed as

εAB =
l
2
AB

−l
2
0

2l2
0

=
(u−R)2+v2+(H−w)2−l

2
0

2l2
0

=

= 1
2 µ2

x +
1
2 µ2

y +
1
2 µ2

z −µx cosα −µz sinα

εAC =
l
2
AC

−l
2
0

2l2
0

=
u2+(v−R)2+(H−w)2−l

2
0

2l2
0

=

= 1
2 µ2

x +
1
2 µ2

y +
1
2 µ2

z −µycosα −µz sinα

εAD =
l
2
AD

−l
2
0

2l2
0

=
(u+R)2+v2+(H−w)2−l

2
0

2l2
0

=

= 1
2 µ2

x +
1
2 µ2

y +
1
2 µ2

z +µx cosα −µz sinα

εAE =
l
2
AE

−l
2
0

2l2
0

=
u2+(v+R)2+(H−w)2−l

2
0

2l2
0

=

= 1
2 µ2

x +
1
2 µ2

y +
1
2 µ2

z +µycosα −µz sinα

(4.1)

and, consequently, the total potential energy of the structural system is given by

π = EA0 l0

(1
2

ε
2
AB
+

1
2

ε
2
AC
+

1
2

ε
2
AD

+
1
2

ε
2
AE

−λx µx −λy µy −λz µz

)
(4.2)

Taking into account the parameters defined in equation (2.1) and applying the condition of
stationarity in the equation (4.2), the following system of equilibrium equations is obtained:

µx(εAB + εAC + εAD + εAE )+ cosα(εAD − εAB)−λx= 0

µy(εAB + εAC + εAD + εAE )+ cosα(εAE − εAC)−λy= 0

(µz − sinα)(εAB + εAC + εAD + εAE )−λz= 0

(4.3)

To obtain the tangent stiffness matrix, the load parameters are differentiated, relatively to the
displacement parameters, in the equations of equilibrium, such that

dλx

dλy

dλz

=


4µ2

x
+2cos2α + ε̄ 4µx µy 4µx(µz − sinα)

4µx µy 4µ2
y
+2cos2α + ε̄ 4µy(µz − sinα)

4µx(µz − sinα) 4µy(µz − sinα) 4(µz − sinα)2 + ε̄




dµx

dµy

dµz

 (4.4)

in which ε̄ = εAB + εAC + εAD + εAE . To determine the critical points in the primary path, the
following restrictions are imposed to the system: µx=µy=0 and λx=λy= 0, which leads to: εAB=

εAC= εAD= εAE = ε = 1
2 µ2

z − µzsinα , according to equations (4.1). When these restrictions are
imposed in equation (4.4), the following expression of the tangent stiffness is obtained

K =


2cos2α +4ε 0 0

0 2cos2α +4ε 0

0 0 4(µz − sinα)2 +4ε

 (4.5)
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12 INSTABILITIES OF PYRAMIDAL TRUSSES

whose eigenvalues are given by

℘1 = k11 = 2µ2
z −4µzsinα +2cos2α

℘2 = k22 = 2µ2
z −4µzsinα +2cos2α

℘3 = k33 = 6µ2
z −12µz sinα +4sin2α

(4.6)

Note that ℘1 = ℘2 , what imply in the multiple bifurcation. The roots of the polynomials in
4.6 represent the critical points in primary path. Therefore, ℘1 = ℘2 = 0 ⇒ µ

bp1
z = µ

bp3
z =

sinα−
√

2sinα2 −1 and µ
bp2
z = µ

bp4
z = sinα+

√
2sinα2 −1. Note that these are the same values

presented in Table 1. Therefore, for multiple buckling to occur, it is necessary that 2sinα2 −1 >

0 =⇒ α > 45
o
, c.q.d., for ∀m ≥ 3 and φ = 2π/m.

5 COALESCENCE BETWEEN CRITICAL POINTS

The coalescence between critical points, given in Table 1, ocurr when µ
bp1
z = µ

bp3
z = µ

l p1
z and

µ
bp2
z = µ

bp4
z = µ

l p2
z , respectively, which implies in sinα =

√
3
5 , α = sinß−1(

√
3
5 ) = 50.77

o
and

H =
√

3
2 R.

Figure 5: Determinant and eigenvalues of the tangent stiffness at critical points coalescence.

Figure 5a shows that the determinant has 2 real roots, of multiplicity 3, in which two of them
represent limit points. There are 2 roots, that represent bifurcation points, of multiplicity 2 due to
the coincidence of bp1 = pb3 and bp2 = pb4 . Note that the curve of the determinant is tangent to
the abscissa axis at the bifurcation points. Figure 5b shows the coincidence between the curves
that represent the eigenvalues ℘1 and ℘2 . Figure 5b shows the eigenvalues functions, where the
coalescence between the critical points bp1 , bp3 and l p1 , and between the points bp2 , bp4 and
l p2 is evident.

The load factor at the bifurcations points, bp1 or bp3 , is obtained by substituting the val-
ues the µ

bp1
z or µ

bp3
z given in Table 1 into equation 6.1 whose expression is λ

bp1,3
z = 3

2 (1−
sin2α)

√
2sin2α −1. Being that sinα = H√

H2
+R2

, this equation can be rewritten as λ
bp1,3
z =

3
2

R
2
√

H2−R2

(H2
+R2

)
3/2 depending on height and radius of the supports circle of the pyramidal truss. The

Figure 6 shows the maximum load capacity at the bifurcation point for pyramidal trusses with

Trends Comput. Appl. Math., 27 (2026), e01852
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Figure 6: Maximum load capacity at the critical points for pyramidal trusses with different
heights.

different heights adopting R = 3 m. Note that the multiple bifurcation occur for H > 3 m. For
H = 3.67 m occur the coalescence between critical points. For H > 3.67 m the multiple bifurca-
tion occur first. For H < 3.67 m the limit point occur first. The load factor at the limit point, l p1 ,
is obtained by substituting the value the µ

l p1
z given in Table 1 into equation 6.1 whose expres-

sion is λ
l p1
z = 1√

3
sin3α . This expression can be rewritten as a function of the height and of the

radius as λ
l p1
z = 1√

3
H

3

(H2
+R2

)
3/2 . The Figure 6 shows the maximum load capacity at limit point for

pyramidal trusses with different heights adopting R = 3 m.

6 PRIMARY AND SECONDARY PATHS OF THE ISOSTATIC PYRAMIDAL TRUSS

By imposing the following conditions, µx=µy=0 and λx=λy=0, on equations 2.4, and according
to equations 2.2, the primary equilibrium path is obtained as

λz =
3
2

µz(µz − sinα)(µz −2sinα) (6.1)

This path is a polynomial of the 3rd degree, in terms of the parameter µz , whose graph is shown
in Figure 7 for Model 2 of the isostatic pyramidal truss. As presented in Figure 7, the equilibrium
path shows two extremes limit points, respectively l p1 and l p2 . These points are determined
with condition dλz/dµz = 0, which leads to µ

ßl p1
z = (1− 1√

3
)sinα and µ

ßl p2
z = (1+ 1√

3
)sinα;

substituting these values into equation (6.1), one obtains the values of these extremes which

Trends Comput. Appl. Math., 27 (2026), e01852
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14 INSTABILITIES OF PYRAMIDAL TRUSSES

are, respectively λ
l p1
z = 1√

3
sin3α and λ

l p2
z =− 1√

3
sin3α . Table 3 shows the values of these limit

points for Model 2 of the pyramidal truss.

Figure 7: Snap-through and secondary paths.

Table 3: Limit points. Model 2.

root 1 load factor root 2 load factor

µ
ßl p1
z λ

l p1
z µ

ßl p2
z λ

l p2
z

(1) (2) (3) (4)

0.3381 0.2956 1.2619 -0.2956

6.1 Multiple bifurcation

This section describes the phenomenon of multiple bifurcation of the pyramidal trusss. Buckling
can occur in the x-axis direction as well as in the y-axis direction. It is important to highlight that
the buckling occurs symmetrically in the x and y-directions due to rotational symmetry of the
pyramidal truss.

Trends Comput. Appl. Math., 27 (2026), e01852
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Figure 8: Secondary paths: µx ß×µz and µy ß×µz .

6.1.1 Buckling in the x direction

The buckling in the x direction is simulated imposing the conditions: µx ̸= 0, µy = 0, µz ̸= 0,
λx = 0 and λy = 0. When these restrictions are introduced in equations (2.4), the system of
equations

µx(εAB + εAC + εAD)+ cosα( 1
2 (εAC + εAD)− εAB) = 0

(µz − sinα)(εAB + εAC + εAD)−λz= 0
(6.2)

can be obtained. In addition, taking into account equations (2.2), those restrictions lead to, respec-
tively εAB +εAC +εAD = 3

2 µ2
x +

3
2 µ2

z −3µz sinα and 1
2 (εAC +εAD)−εAB =

3
2 µx cosα . When these ex-

pressions are introduced in equation (6.2a), the constraint µx(
3
2 µ2

x +
3
2 µ2

z −3µzsinα + 3
2 cos2α) =

0 is obtained. This constraint can be satisfied through 2 conditions, which are either µx = 0
or µ2

x + µ2
z − 2µz sinα + cos2α = 0. For the first condition, the primary equilibrium path takes

place, while for the second condition, the buckling in the x direction takes place, provided that
restrictions given in equations (6.3b) and (6.3c) are satisfied.

µx = ±
√

−µ2
z +2µz sinα − cos2α

sinα −
√

2sin2α −1 < µz < sinα +
√

2sin2α −1

sinα > 1√
2
= 45

o

(6.3)

Note that the extreme values of µz , in equation (6.3b), are the roots of the eigenvalue function℘1 ,
presented in Table 1; for these roots to be real, the condition given in (6.3c) must be satisfied. To

Trends Comput. Appl. Math., 27 (2026), e01852
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Table 4: Bifurcation points. Model 2.

root 1 load factor root 2 load factor root 3 load factor root 4 load factor

µ
ßbp1
z λ

bp1
z µ

ßbp2
z λ

bp2
z µ

ßbp3
z λ

bp3
z µ

ßbp4
z λ

bp4
z

(1) (2) (3) (4) (5) (6) (7) (8)

0.2709 0.2857 1.3292 -0.2857 0.2709 0.2857 1.3292 -0.2857

obtain the secondary path, the constraints in (6.3a) and εAB + εAC + εAD = 3
2 µ2

x +
3
2 µ2

z −3µzsinα

are replaced in equation (6.2b), which leads to

λz =
3
2

cos2
α(sinα −µz) (6.4)

This is the equation of the line, function of the parameter µz , whose graph is shown in Figure 7.

When the extreme values of µz , given by the equation (6.3b), are replaced in equation (6.4), one

get the load factors λ
bp1
z = 3

2 cos2α

√
2sin2α −1 and λ

bp2
z =− 3

2 cos2α

√
2sin2α −1, respectively.

Table 4 shows the values of these bifurcation points for the pyramidal truss, Model 2.

The maximum displacement in (6.3a) is given by dµx
dµz

= 0 ⇒ µmax
x = ±

√
2sin2α −1. Figure 8

shows after the bifurcation, represented by point bp1 , the displacement µx of the vertex of the
pyramidal truss increases until a maximum of ±

√
7

5 . After reaching this maximum, the displace-
ment decreases until it cancels out at point bp2 . This point indicates that the pyramidal truss
returns to the primary path, as can also be seen in the Figure 7.

6.1.2 Buckling in the y direction

The buckling in the y direction is simulated imposing the conditions: µx = 0, µy ̸= 0, µz ̸= 0,
λx = 0 and λy = 0. When these restrictions are introduced in equations (2.4), the system of
equations

3µyεAB +
√

3
2 cosα(εAD − εAC) = 0

3(µz − sinα)εAB −λz= 0
(6.5)

can be obtained. In addition, taking into account equations (2.2), the following relations are ob-
tained εAD − εAC =

√
3µycosα and εAB = 1

2 µ2
y +

1
2 µ2

z −µzsinα , respectively. When these expres-
sions are introduced in equation (6.5a), the constraint 3µy(

1
2 µ2

y +
1
2 µ2

z − µz sinα + 1
2 cos2α) = 0

is obtained. This constraint can be satisfied through 2 conditions, which are either µy = 0 or
µ2

y + µ2
z − 2µz sinα + cos2α = 0. For the first condition, the primary equilibrium path takes

place, while for the second condition, the buckling in the y direction takes place, provided that
restrictions given in equations (6.6b) and (6.6c) are satisfied.
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µy = ±
√

−µ2
z +2µz sinα − cos2α

sinα −
√

2sin2α −1 < µz < sinα +
√

2sin2α −1

sinα > 1√
2
= 45

o

(6.6)

Note that the extreme values of µz , in equation (6.6b), are the roots of the eigenvalue function℘2 ,
presented in Table 1; for these roots to be real, the condition given in (6.6c) must be satisfied. To
obtain the secondary path, the constraints in (6.6a) and εAB = 1

2 µ2
y +

1
2 µ2

z −µzsinα are replaced
in equation (6.5b), which leads to

λz =
3
2

cos2
α(sinα −µz) (6.7)

This is the equation of the line, function of the parameter µz , whose graph is shown in Figure
8. Note that equations (6.6) and (6.7) are equal to equations (6.3) and (6.4), respectively. When
the extreme values of µz , given by the equation (6.6b), are replaced in equation (6.7), one get the

load factors λ
bp3
z = 3

2 cos2α

√
2sin2α −1 and λ

bp4
z =− 3

2 cos2α

√
2sin2α −1, respectively. Table

4 shows the values of these bifurcation points for the pyramidal truss, Model 2.

The maximum displacement in (6.6a) is given by
dµy
dµz

= 0 ⇒ µmax
y = ±

√
2sin2α −1. Figure 8

shows after the bifurcation, represented by point bp3 , the displacement µy of the vertex of the

pyramidal truss increases until a maximum of ±
√

7
5 . After reaching this maximum, the displace-

ment decreases until it cancels out at point bp4 . This point indicates that the pyramidal truss
returns to the primary path, as can also be seen in the Figure 7.

7 CONCLUSIONS

The findings of this research significantly advance the understanding of post-buckling behavior
in pyramidal trusses, a class of lightweight spatial structures increasingly employed in aerospace,
civil, and mechanical engineering applications. Through rigorous static equilibrium analysis, we
have identified six critical points on the primary equilibrium path—comprising two limit points
and two double bifurcation points—revealing a rich landscape of global instability phenomena
under large displacements. A key contribution is the establishment of a generalized buckling cri-
terion: multiple bifurcation occurs universally for α > 45◦, independent of the number of bars
m ≥ 3 and their planar alignment, provided the angular spacing remains 2π/m. This thresh-
old represents a fundamental geometric condition governing the onset of complex post-critical
responses, extending beyond the specific loading scenarios previously analyzed in the literature.

The analytical framework, rooted in the stationarity of total potential energy, Green-Lagrange
strain kinematics, and exact derivation of the tangent stiffness matrix, provides closed-form ex-
pressions for both primary and secondary equilibrium paths. These solutions, validated through
eigenvalue analysis and numerical path-following, offer precise predictions of snap-through and
transverse buckling modes. The symmetry-based reduction of the bifurcation problem, exploit-

Trends Comput. Appl. Math., 27 (2026), e01852



i
i

“1852” — 2026/3/10 — 14:59 — page 18 — #18 i
i

i
i

i
i

18 INSTABILITIES OF PYRAMIDAL TRUSSES

ing rotational invariance in the x- and y-directions, further enhances computational efficiency and
physical insight.

While the present study focuses on the isostatic configuration with three bars, the modular nature
of the formulation lays a robust foundation for extension to hyperstatic pyramidal lattices. Future
developments will involve systematic assembly of element stiffness matrices, incorporation of
higher-order symmetry groups, and exploration of dynamic snap-through, imperfection sensitiv-
ity, and topology optimization for enhanced energy absorption in metamaterials and deployable
structures.

In conclusion, this work not only deepens the theoretical understanding of multiple bifurcation
and global instability in three-dimensional truss systems but also delivers practical, analytically
tractable tools for engineers. The derived instability maps, critical load formulas, and geometric
thresholds enable proactive design against undesirable post-buckling modes, thereby contributing
to safer, more reliable, and efficient structural systems in advanced engineering applications.

Data availability
All data generated or analysed during this study are included in this published article.

Associate editor: Antônio José Silva Neto
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